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Abstract 

We consider a mass-conservative fragmentation of the unit interval. Motivated by 
a result of Berestycki [3], the main purpose of this work is to specify the Hausdorff 
dimension of the set of locations having exactly an exponential decay. The study relies 
on an additive martingale which arises naturally in this setting, and a class of Levy 
processes constrained to stay in a finite interval. 
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1 Introduction. 

Fragmentation appears in a wide range of phenomena in science and technology, such as 
degradation of polymers, colloids, droplets, rocks,... See the proceedings [12] for some ap- 
plications in physics, for example [18] for computer science, [TO] for mineral crushing, and 
works quoted in [3] for some further references. This work is a contribution to the study of 
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the rates of decay of fragments. More precisely, our aim is to investigate the set of locations 
which have an exact exponential decay (see ([1]) below for a precise definition). 

Roughly a homogeneous fragmentation of intervals F(t) can be seen as a family of nested 
open sets in (0, 1) such that each interval component is spill independently of the others, 
independently of the way that spill before, and with the same law as that of the initial 
fragmentation (up to spatial rescaling). We will suppose that no loss of mass occurs during 
the process. 

Let x G (0,1) and I x (t) be the interval component of the fragmentation F(t) which 
contains x, and |/-r(£)| its length. Bertoin showed in [7j that if V is a uniform random 
variable on [0,1] which is independent of the fragmentation, then £(t) := — log|iy(i)| is a 
subordinator entirely determined by the fragmentation characteristics. By the SLLN for a 
subordinator, there exists v typ such that ^ — > v typ a.s., which means that |iy(£)| ~ e~ Vtypt . 
Berestycki [3] computed the Hausdorff dimension of the set 

G v := \x e (0, 1) : lim \ log \I x (t)\ = -v\ 

[ t^oo t ) 

for all v > 0. In this article we shall rather consider for some < a < b the set 

G (v 6) := \ x € (0, 1) : a<limm{e vt \I x {t)\<limsupe vt \I x {t)\<b\ . (1) 

t t^oo J 

Our goal is to compute the Hausdorff dimension of the set G( v ^ a ,b)- Our approach relies 
on some results on Levy processes constrained to stay in a given interval. 

Firstly we will recall background on fragmentations and Levy processes. Secondly we 
will consider an additive martingale M which is naturally associated to the problem and 
obtain a criterion for uniform integrability. This is used in Section H] to derive some limit 
theorems which may be of independent interest (see Englander and Kyprianou [32] for a 
related approach in the setting of spatial branching processes). Finally we will compute the 
Hausdorff dimension of G(«,a,6) m Section [5j 

2 Preliminaries. 

2.1 Definition of fragmentation. 

We will recall some facts about homogeneous interval fragmentations, which are mostly lifted 
from [3] , [7] and [Sj. More precisely, we will consider fragmentations defined on the space 
U of open subsets of (0, 1). We shall use the fact that every element U of U has an interval 
decomposition, i.e. there exists a collection of disjoint open intervals (Ji)i^j, where the set 
of indices I can be finite or countable, such that U = U^zJi- Each interval component is 
viewed fragment. 

A homogeneous interval fragmentation is a Markov process with values in the space 
U which enjoys two keys properties. First the branching property: different fragments 
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have independent evolutions. Second, the homogeneity property: up to an obvious spacial 
rescaling, the law of the fragment process does not depend on the initial length of the interval. 

Specifically, if P stands for the law of the interval fragmentation F started from F(0) = 
(0, 1), then for s, t > conditionally on the open set F(t) = U Jj(t), the interval fragmenta- 

tion F(t+s) has the same law as F 1 (s) UF 2 (s) U ... where for each i, F l (s) is a subset of Ji(t) 
and has the same distribution as the image of F(s) by the homothetic map (0, 1) — > Ji(t). 

2.2 Poissonian construction of the fragmentation. 

Recall that U denotes the space of open subsets of (0, 1), and set 1 = (0, 1). For U &U, 

\U\ l :=( Ul ,u 2 ,...) 

will be the decreasing sequence of the interval component lengths of U. For U = (a±, b\) <EU, 
we define the affine transformation g v : (0, 1) — > U given by gu(x) = a x + x{pi — ai). 

In this article we will only consider proper fragmentations (which means that the Lebesgue 
measure of F{t) is equal to 1). In this case, Basdevant [1] has shown that the law of the 
interval fragmentation F is completely characterized by the so-called dislocation measure v 
(corresponding to the jump- component of the process) which is a measure on U which fulfills 
the conditions 

1/(1) = 0, 

/ (1 - u x )v{dU) < oo, (2) 
Ju 

and 

oo 

Ui — 1 for v — almost every U EU. 

i=l 

This last assumption is imposed by the hypothesis of length-conservation and means that 
when a sudden dislocation occurs, the total length of the intervals is unchanged. Specialists 
will notice that the erosion rates of the fragmentation c r and q are here equal to for the 
same reason. 

We now recall the interpretation of sudden dislocations of the fragmentation process in 
terms of atoms of a Poisson point process (see [T], [2]). Let v be a dislocation measure 
fulfilling the preceding conditions. Let K = ((A(t),k(t)),t > 0) be a Poisson point process 
with values in U x N, and with intensity measure v <g> (J, where fl is the counting measure on 
N. As in [2J, we can construct a unique U- valued process F = (F(t),t > 0) started from 
(0, 1), with paths that jump only for times t > at which a point (A(t), k(t)) occurs, and 
then F(t) is obtained by replacing the fc(i)-interval Jk(t){t—) by gj fe(t) (t_)(A(t)). This point 
of view will be used in Section [31 

Some information about the dislocation measure v and therefore about the distribution 
of the homogeneous fragmentation F is contained in the function: 
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K{q):= J^-fy+^Jv{dU) Wq>p (3) 
with p the smallest real number for which k remains finite : 

p := inf < p G 



/ X^f^W <ool. 

J" j=2 J 



We have that — 1 < p < (because J u (l — ui)u(dU) < oo and Y^=i u i = 1 f° r ^-almost 
every {7 ElA). 

This point of view is the same as in [3] and [7], which deal with ranked fragmentation 
instead of interval fragmentation. In the latter the space U is replaced by the space of mass 
partitions 

( oo 

S^- := < x = (xi, x 2 , ...) | Xi > x 2 > ... > , x,i < 1 



8=1 



For the precise link between these two fragmentations see [T]. 



2.3 An important subordinator. 

Let x G (0, 1) and I x (t) be the interval component of the random open set F(t) which 
contains x, and its length. Let V be a uniform random variable on [0, 1] which is 

independent of the fragmentation. 
Bertoin showed in [7] that 

£(*):=- log t>0, (4) 

is a subordinator, with Laplace exponent n(q) defined in © (i.e. E(e- A «W) = e' 1 ^ for all 
A > p). In order to interpret this as a Levy-Khintchine formula, we introduce the measure 

oo 

L(dx) := e~ x u(— \ogUj G dx), x G (0, oo). 

It is easy to check that J min(l, x)L(dx) < oo, thus L is the Levy measure of a subordinator, 
and we can check that n(q) = f, Q ^ (1 — e qx ) L(dx). 

In this article we shall consider the Levy process Y t = vt — £(t). In order to apply certain 
results to this process, we will need to assume that its one-dimensional distributions are 
absolutely continuous. Let L ac be the absolutely continuous part of the measure L. Tucker 
has shown in [23] that 

/ -rr^L ac (dx) = oo, (5) 
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ensures the absolute continuity of one-dimensional distribution of the Levy process evaluated 
at any t > 0. As J min(l, x)L{dx) < oo, the condition ([5]) is equivalent to : 



L ac ([0,e)) = oo for any e > 0. 



(6) 



Let Vi be the image of the measure v by the map U — > u\ (recall that U\ is the length of 
the longest interval component of the open set U) and 2/" c be the absolutely continuous part 
of the measure V\. Throughout this work we will make the following assumption, which is 
easily seen to imply (jBJ) (in fact we can even show that the two are equivalent): 



In the next subsection, we will give some results about Levy processes that will be needed 
in the sequel, and apply for Y t = vt — £(£). 

2.4 An estimate for completely asymmetric Levy processes. 

For the next sections, we will need some technical notions about completely asymmetric Levy 
processes. Therefore we recall some facts mostly lifted from [I] and [6]. Let Y = (Y t ) t > 
be a Levy process with no positive jumps and (£t)t>o the natural filtration associated to 
(Xt)t>o- The case where Y is the negative of a subordinator is degenerate for our purpose 
and therefore will be implicitly excluded in the rest of the article. The law of the Levy 
process started at x G R will be denoted by P x (so bold symbols P and E refer to the Levy 
process while P and E refer to the fragmentation), its Laplace transform is given by 



where ip : R + — ^ M is called the Laplace exponent. 

Let cf) : R + — > M + be the right inverse of ip (which exists because ip : R + — > R is convex 
with lim t _ ) . oo '0(A) = oo), i.e. ip((j)(\)) = X VA > 0. 

Let us recall some important features on the two-sided exit problem (which is completely 
solved in [6]). For (3 > we denote the first exit time from (0, (3) by 



Let W : R + — > R + be the scale function, that is the unique continuous function with Laplace 



z/" c ([0, e)) = oo for any e > 0. 



(7) 



E (e Ay ') =e^ (A) , A, t > 0, 



7> = inf{t: Y t <£{0,/3)}. 
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transform: 




For q G R, let W {q) : R 



•+ 



R + be the continuous function such that for every i£l 



•+ 



oo 



k=0 
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where W* n = W * ... * W denotes the nth convolution power of the function W (for more 
details about this see [I] or [6]). So that 



„ W i,) (x)ix= -JL- ]X>m . 



The next statement is about the asymptotic behavior of the Levy process killed when it 
exits (0,f3) (point 1 and 2), which is taken from [6], and about the Levy process conditioned 
to remain in (0,(3) (point 3, 4 and 5), which is taken from Theorem 3.1 ( ii) and Proposition 
5.1 (i) and (ii) in [20] : 



Theorem 1 Let us define the transition probabilities 

P t (x, A) := P x (Y t eA,t< T p ) for x G (0, (3) and A G B((0, (3)), 
and the critical value 

pp := inf{g > ; W^((3) = 0}, (9) 

Suppose that the one- dimensional distributions of the Levy process are absolutely continuous. 
Then the following holds: 

1. P/3 E (0, oo) and the function W^~ P0 ^ is strictly positive on (0,(3) 

2. Let U(dx) := W^~ p ^((3 - x)dx. For every x G (0,(3): 

lim e p0t P t (x, .) = cW { - p0) (x)U(.) 

t—+oo 

in the sense of weak convergence, where 

r: i / W^ p f )) (y)W { - p0) ((3 -y)dy 



o 



3. The process 

is a (P x , (S t )) -martingale. 

4- The mapping (x, q) ^ W^(x) is of class C 1 on (0, oo) x (— oo, oo). 

5. The mapping (3 i— ► pp = inf{g > : W^~ q \(3) = 0} is strictly decreasing and of class 
C 1 on (0, oo). 
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Remark 1 The definition of pp is of course complicated, however in the simple case when 
Y is a standard Brownian motion, we have: 

Pf) = tt 2 //3 2 and W { ~ p v\x) = - sin \\x 

In the case where Y is a standard stable process, the mapping of (3 — > pp is depicted in J^. 
We also point at the more explicit lower bound (see Lemma 5 in ffjH): 

Pa > 1/W(a), 
Another lower bound will be given in Remark^ below. 

Remark 2 The formula for the constant c in part 2. of Theorem U\ stems from the relation 

e W^\x) Pt{X ' dy) t~oo CW( ~ PP) (P ~ vW^\y)dy. 
Integrating over (0, (3) and using the fact that D t is a martingale yields the given expression. 



We also refer to the recent article of T. Chan and A. Kyprianou [TB] for further properties 
oiW^-P^. 

Now we have recalled the background that is needed to solve our problem. 

3 An additive martingale. 

Now we turn our attention to the main purpose of this article and consider a homogeneous 
interval fragmentation (F(t),t > 0) and some real numbers v > and < a < b. We are 
interested in the asymptotic set: 

G [v , a , b) = lx G (0, 1) : a < liminf e vt \I x (t)\ < limsup e vt \I x {t)\ < b] , 

I t^oo J 

with the length of the interval component of F(t) which contains x. 

In order to do that, we will have to consider first the non asymptotic set: 

A(,,a, b) = {xe (0, 1) : ae~ vt < \I x (t)\ < be~ vt Vt > 0} , 

for < a < 1 < b. 

In this section and in the next we will assume that < a < 1 < b. 

We introduce some notation, that we will need in the rest of the article: define the set 
of the "good" intervals at time t as 

G(t) := {I x (t) : x G (0, 1) and ae~ vs < \I x (s)\ < be~ vs V s < t}. (11) 
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Let {Tt)t>® be the natural filtration of the interval fragmentation (F(t),t > 0). Let 
(Gt)t>o be the enlarged filtration defined by Q t = T t V a(Iy{t)) where V is a uniform variable 
independent of the fragmentation). We can remark that for all t we have Qt^T%\l 
and £oo = V cr{V}. 

We recall that = — log|iy(t)| is a subordinator. More precisely we are interested 
in the Levy process with no positive jump Y t := vt — £(£) + log(l/a), and use the results 
of preceding subsection for this Levy process. We remark that its Laplace exponent 
is equal to vX — k(X), with k defined in Subsection 12.31 Since we have supposed ([7j), the 
one-dimensional distributions of the Levy process Y t are absolutely continuous and we can 
apply Theorem [TJ 

For this Levy process Y let 

T := T log ( b / a ) 

and 

P ■= Plog(6/a), 

where Tp is defined in (jSJ) and pp is defined in ([9]). We stress that p depends on v, a, b and 

K. 

To simplify the notation, let also 



h(t) := W ( ~ p \t- log a)l 



Oe(loga,log b)} 



for all f el, and h(—oo) = 0. 

By rewriting (11 Op with the new notation we get a (^)-martingale 



%t + log|Z v (t)|) 

A — e J-{i<T} 777^ 5 I > U. 



Mo) 

If I is an interval component of F(t), we define the "killed" interval P by /' = I if I is good 
(i.e. I G G(t) with defined in (jlip ). else by v = 0. Projecting the martingale D t on 
the sub-filtration {Tt)t>o, we obtain an additive martingale 



We notice that if y G / x (^), then /^(t) = I x (t). Now we will consider the interval decompo- 
sition (Ji(t), J2(t), ...) of the open F(t) (see subsection 12. ip . We can rewrite M t as: 

Mt = ji^Y^ h { vt + lo s i4(*)l- (12) 

We will use this expression in the rest of the article. 
Finally, let the absorption time of M t at be 

C := inf{t : M t = 0} 
= inf{t : G{t) = 0}, 
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with the convention inf = oo. 
Our first result is: 

Theorem 2 In the previous notation, with the assumptions |7p and if v > p holds, then: 

1. The martingale M t is bounded in L 2 (P). 

2. Conditionally on ( = oo, we have: lim^oo M t > 0. 

Remark 3 We stress that as p depends on v, a, b and k, the condition v > p involves 
implicitly the parameters a and b. In particular it forces b > 2a, otherwise there would never 
be more than one "good" interval (as a fragment of size x will split into at least two different 
fragments and the smallest one will have a size at most equal to x/2), and as a consequence 
we would have = a.s., in contradiction with the uniform integrability of M. 

The proof of Theorem [2jl. is given in the appendix. 

In order to prove Theorem [2j2 we will first introduce some notation, then prove two 
lemmas, and after we will conclude. 

Let I be an interval of (0, 1). The law of the homogeneous interval fragmentation started 
at / will be denoted by Pj. We remark that Pj(Moo = 0|£ = oo) only depends on the length 
of /. Therefore we define 

g(x) :=P / (M oo = 0|C = oo), 

where I is an interval such that |/| = x. Let N be the integer part of (26 — a) /a. As we 
assume v > p, we have necessarily b > 2a (see Remark [3]), thus N > 2. Let r\ :— {b — a)N~ l . 
We remark that rj < a and b — a = Nrj. Denote the first time when there are at least two 
good intervals by 

T F := inf{t : $G{t) > 2}, 

with the convention inf = oo. We notice that T F is an (JF 4 ) stopping time as $G{t) is 
^-adapted. 

Lemma 1 In the previous notation, supposing that (Q) and v > p hold, we get: for every 
open interval I 

P 7 (T F = oo|C = oo) = 0. 

Proof We notice that, as the martingale M t is not identically and is uniformly inte- 
grable, we have P/(T F = oo|C = oo) < 1 (because = when T F = oo). 

Let I be an open interval such that |/| G (a, b), t := log(26/a)/t> and e := a 2 / (2b 2 ). Thus 

|/|(1 - e) > a/2 > be~ vt0 and |/|e < be < ae~ vt<i 
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therefore, if the dislocation of / produces at time to an interval of length at least |/|(1 — e) 
then this interval is too large to be good and the remaining ones are too small to be good 
either. As a consequence we have 

P/(M t0 = 0) > Pi og |/|(e-^ > e-^l - e )) = P(£(t„) < -log(l - e)), 

by the homogeneous property of the fragmentation. Moreover since £(£) is a subordinator, 
we get p := P(£(io) < — log(l — e)) > 0, therefore 



P/(M to = 0) > p>0. (13) 
Additionally for every open interval I such that |/| G (a,b): 

FSG{t) = 1 Vt < to) < 1 - P/(M i0 = 0) < 1 -p. 



Using the strong Markov property of the fragmentation and (TlBl we find by induction that 
for all fcGl 

Fj(%G(t) = lVt<kt )<(l-p) k . 

Therefore 

lim P/(|G(s) = 1 Vs < t) = 

t— >oo 

and as a consequence 

P/(T F = oo|C = oo) = 0. 



Lemma 2 In the previous notation, supposing that HO and v > p hold, we get: 

sup g(x) = max g(a + krj), 

a<x<b l<k<N 



where N = [(2b — a)/a\ and r\ — (b — a) /N . 

Proof We will prove this lemma by induction. 
The hypothesis of induction is for n < N: 



(H) n : sup g(x) — max g(a + rjk). 



xe{a,a+nrf) l<k<n 



* The case n — 1: let I be an open interval such that |/| G (a, a + 77). We work under Pj 
conditionally on "non-extinction" (which means conditionally on the event ( = 00). Let 

T 1 := inf{t > 0| 3J(t) G G(t) : e"*| J(t)\ £ (a, a + rj)}, 
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with G(t) defined in (TTTj) . The random time T 1 is an (Tt) stopping times. As the quantity 
vt — (— log|J(t)|) creeps upwards with probability equals to 1 and as J(t) £ G(t) implies 
that e vt \J(t)\ > a, we get 

T 1 = inf{t > 0| 3J(t) £ G(t) : e vt \J{t)\ = a + V }. 

Moreover by the choice of 77 we have a + 77 < 2a, which implies that there is at most one good 
interval whose length is always in (a, a + 77). Recall from Lemma [H that Fj(T F < 00 1£ = 
00) = 1, thus 

P/(T 1 < oo|C = 00) = 1. 
Using the strong Markov property at the stopping times T 1 , we get 

g(x) < 9 (a + 77) , xe(a,a + T]), 

thus (H) 1 holds. 

* The case n + 1 (with n + 1 < N): we suppose that the hypothesis of induction holds 
for all k < n. 

Let / be an open interval such that |/| £ (a + nrj,a + (n + l)r/). We work under 
conditionally on "non-extinction" . Let 

T n := inf{t > 0| 3J(t) £ G(t) : e rf | J(t)| ^ (a + ht], a + [n + 1)77)}, 

with defined in (TTTT) . The random time T n is an (JF 4 ) stopping times. As the quantity 
e vt \J(t)\ grows only continuously, we get 

T n = inf{t > 0| 3J(t) £ G(t) : e vt \J(t)\ = a + (n + l)r] or e vt \J(t)\ £ (a,a + nr]]}. 

Moreover by the choice of 77 we have a + 77 < 2a, which implies that there is at most one 
good interval which length is always in (a + nrj, a + (n + 1)77). Additionally by Lemma (TJ we 
get P 7 (T F < oo|C = 00) = 1, thus 

P 7 (T"' < oo|C = 00) = 1. 
Using the strong Markov property at the stopping times T n , we get 

g(\I\) < max j g(a+ (n+ 1)77), sup g(y)\. 

\ ye(a,a+nri] J 

As this holds for every open interval I such that |/| £ (a + nrj, a + (72 + 1)77), by the hypothesis 
of induction, we have established (H) n+ i. 

■ 

Proof [Proof of Theorem [212.] With Lemma El we get that there exists a integer ko in 
[1,N] such that g(a + r/ko) = sup x ^ a b ^ g(x) (if two or more values of k, are possible, we 
choose the smallest one). Let Xq be a + r/ko. 
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Additionally, with Lemma [fl we get P(o,x ) (T F < oc\( = oo) = 1. Using the strong 
property of Markov for the stopping times T F , and with n > 2 the random number of good 
intervals of the fragmentation at time T F and with a\,...,a n the length of those intervals, 
we get: 

g(x ) < E(g( ai )...g(a n )) < E(g(x ) n ) < g{x f . 

As g(xo) < 1 by the uniformly integrability of M t , we get that g(xo) = and finally that 
g = 0. 



4 Limit theorems. 

In this section, we establish two corollaries of Theorem EJ which will be useful in the sequel. 
Bertoin and Rouault (Corollary 2 in pj]) proved that 

lim 7logtf{4(t) : ae~ vt < \I x (t)\ < be~ tv } = C(v), (14) 

t— >oo t 

where C(v) := (T„ + l)v — k(T v ) and Y„ is the reciprocal of v by k i.e, k (T v ) = v for 

Here we deal with the more stringent requirement: Vs < t, |/a;( s )| (ae~ sv ,be~ sv ), and 
the next proposition gives the rates that we find in that case. 

Proposition 1 In the notation of the previous sections, with the assumptions (0) and if 
v > p we get that conditionally on ( = oo (i.e. M is not absorbed at 0, or in a equivalent 
way A(„ )0)fe) ^ $): 

lim - log §G(t) = v — p a.s. (15) 

Before proving this corollary we make the following remark 

Remark 4 It is interesting to compare the estimate found by Bertoin and Rouault and the 
present one (of course we have not considered the same set, nevertheless the two estimates are 
related). For this we show that for allv G (f m m, v max ) and a and b such that p > v m i n we have 
C(v) > v — p. In this direction we use results from |5j/ Section 1. Let ^(p) := pn (p) — n(p) 
for all p > with k the derivative of k (this function is well defined because of the definition 
of p in Section 2 and because p < 0). For every p > 0, ^ (p) = pn (p) < since k is 
concave. As a consequence ^ is decreasing. With the definition of T v , we get that the 
function v £ (v min ,v max ) i— > T t , £ K. is decreasing, additionally T Vmin > 0, therefore the 
function v £ (v min ,v max ) i— > g(T v ) £ M is increasing. Moreover ^(T v ) = C(v) — v, hence 
for all v £ (v min ,v max ): 

C(v) — V > C{V m i n ) — V m i n = —V m i n . 
^^Where v m i n is the maximum of the function p i— * n(p — 1) /p on (p + 1, oo) and v max := k (p + ) (see [3] ). 
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Additionally as p > v m i n , we finally obtain: 

G {v min , v max ) C(v) > v - p. 

As a consequence, we have checked that the rate of growth of$G(t) (defined in (f77]j j is lower 
that of §{I x (t) : \I x {t)\ G (ae~ tv , be~ vt )}, which was of course expected. 

Proof In this proof we work conditionally on ( = oo ( i.e M is not absorbed at 0). 
Applying Theorem [21 we get > 0. In order to show that (|T5|) holds, we will first look 
at the lower bound of the inequality, and then at the upper bound. 

• With the definition of M t in flj2]), of G(t) and of j\(t) at the be ginning of Section [3] 
and by the conditioning, there exists t > such that for alH > t : 

A/f ppt ppt 

with C4 as maximum of h(.) on [log a, logfr]. Hence for all t > t' : 

and as a consequence, conditionally on ( = oo, 

hminf-logtjG(t) > v -p. (16) 

• Secondly we will show the converse inequality. 

Let < a <a<l<b<b, and p := P\ og ^' / a ')- Denote the set of "good" intervals 
associated to a and b' by: 

G'(t) := {I x (t) : xG(0,l) and \I x {s)\ G (a e~ vs ,b' e~ vs ) V s < t}. 

Let M t be the martingale defined at the beginning of Section [3] (and denoted there by M) 
associated to a , b instead of a, b. Plainly, if M t is not absorbed at 0, then a fortiori M t is not 
absorbed at either. Additionally, since log(6 /a ) > log(6/a), and p, is strictly decreasing 
(see Theorem HJ5), we get v > p > p and we may apply Theorem [2] for a , b instead of a, b. 
We get lim^ M' t = > 0. 

With the definition 0121) of M t and with an analogue of the function h(t), namely t G IR 

<p(t) := ^')(t + log(l/a'))l {te(loga , log0} , 

we get: 

Ji(t)eG'(t)}- 
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Therefore there exists t > such that for every t > t 

2Mi > ^^<p(vt + ]og\Jim\Ji(t)\l 



{Ji(t)eG'(t)} 



Since (ae vt ,be vt ) C (a'e 6e we get by Theorem [TJl, that for all x G [log a, log ft]: 
(p(x) > 0. Because [log a, log 6] is compact and <p(.) is a continuous function, 



inf > 0. 

xg[log a, log 6] 



Combining this with 



C 5 := 2M ooV? (0)/ ( a inf ) < oo, 

2: G [log a, log b] 



we get for all t >t : 

C 5 >e^'-^J2 1 {J,mc(t )} 

and thus 

C^ v -p )1 > |JG(t). 
Hence for all a , b' such that 0<a'<a<l<6<&': 

lim sup - log §G(t) < v — p . 

t^QO t 

For a — > a and b' — > b we get by the continuity of p. : 

lim sup - log §G(t) < v — p. 



Now we will give an other corollary, using the same method as that of Bertoin and Gnedin 
in [9]. We encode the configuration J^(t) = {\jj{t)\} of the lengths of good intervals into 
the random measure 

0t : = mX- h { vt + lo s\Ji(t)\) \4(t)K g (i/a) + vt+io S \jm 



which has total mass M t . 
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The associated mean measure o* t is defined by the formula 

f(x)a;(dx)=E( [°° f(x)a t (dx) 



which is required to hold for all compactly supported continuous functions /. Since M t is a 
martingale, a* t is a probability measure. More precisely the next proposition establishes the 
convergence of the mean measure <r t *, and then of o~ t itself. 

Proposition 2 In the notation of the previous sections, with the assumptions |7|), and 
v > p we get: 

1. The measures cx t * converge weakly, as t —>■ oo, to the probability measure 

g(dy) := ch(y + loga)/i(log(6) - y)dy 
where c> is the constant that appears in Theorem^ 5. 

2. For any bounded continuous f 



2 



t— >oo 

Proof 



OO POO 

lim / f{x)a t (dx) = Moo / f(x)g{dx). (17) 
o Jo 



1. Firstly we prove the convergence of the mean measures o~* t — > g. Let / be a bounded 
continuous function. By definition we get: 

JT /(vK(dy) 

= E Qf /(log(l/a) + + log \ll(t)\)^h (vt + log |jt(t)|) l {llmm} dx^j 

- ^log(l/a) yj\Yt)er jt-: l{t<T} I , 

with the definition of Y t . Thus by the definition of P± in Theorem [H we get 

I f(y)<r* t (dy) = I f(y) l ^ (Q) g W t (bg(l/a),dy). 

By Theorem [TJ 2, we get 

ylog(6/a) 

f{y)v* t {dy) ~ c/ f(y)h(y + log a) h(log{b) -y)dy. 



t_>0 ° Jo 



Therefore the measure er* converge weakly to the probability measure £>. 
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2. Now we show that the scaled empirical measures induced by J(t) converge in the 
L 2 -sense to the random measure M^q. 

Let fi and f 2 be two continuous functions bounded from above by 1, and 

S t = Y,mog(l/a)+vt + \og\jjm^h( K vt + \og\jKt)\)\j}(t)\ 



X f 2 (l0g(l/0) + Vt + log \jj( t )\)^-rh (vt + log I Jj (t) l) I J) (t) I . 

We need to show that 



E(5 t 



OO \ / P oo 

/i(ar)ff(dp)J (/ 



for /i and f 2 positive and bounded from above by 1. Indeed, suppose (11811 is shown. 
Denote 

A = 5^/i(log(l/a) +vt + log \jj(t)\)^-h (vt + log \jj{t)\. 



Take f 2 = 1 to conclude from (1181) that 



lim E{A t M t ) = / A(a;)^(^)E . 



Similarly, by setting /i = / 2 we get 

lim E (A 2 ) = 



Recalling that E(M 2 ) — ► E(M ( 2 C ) and combining the above we get the desired 

2" 



lim E 



A t -M t \ h{x) 6 {dx) 





0. 



To prove ( fTBi) let us replace t by t + s and condition on jt = (| j/(s)|)»eN- We have two 
cases: write i ~ s j for the case where at time t + s two coexisting intervals j\(t + s) 
and Jj(t + s) stem from the same interval at time s, and i ^ s j for the case these 
intervals are not included into the same interval component at time s. Therefore, with 
the notation 



S« :=E hT S t+S I Jt(s) and S t 



Jt(, 
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we get: 



S^ s + Sll=E(S t+s \j\s)). 

For the studies of Sj:+ S we use the homogeneous property of the fragmentation and the 
notation I = (0, log(6/a)), and get 

\ J t+s\ 

< £l4(«)| 2 ^Efel4(0l^) -pf^-^VsuplA^lsupl/,^)! 

i \j J xei V h W J xei x&io 

< be (p - v)s C 6 , 
with 



which is finite because 



{t<T}' 



) < OO. 



Thus — > as s — > oo uniformly in t. 

(2) t 

Now we look at S^ s . We introduce the notation = \J^{s)\. Write i \ k if the 
length | j/(t + s)| stems from y k . By independence, the intervals which are included in 
the interval with length y^ and those which are included in the interval with length yi 
evolve independently thus gathering the lengths \jj(t + s)\ by the ancestors at time s 
yields 

k^i \ i\k / V j\i 
On the other hand, by self-similarity and convergence of the mean measures 
E (E e , Mvs+^/a)) yt h{vt + bg(| J/(()|) + ^ + log(a/a)) 

\i\k 



of>t 



h (vt + log + + log(j/ fc /a)) t 

h(vs + log(j/ fc /a)) 



Jt( s ) 



t^oo 



ft, (-us + log (i/fc/o)) 
h(0) 



//.., ( / f:(.r) L )(d.r) ) , 
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and 



E ( £ e p MVS+ ^ Vl,a)) yi Hvt + log(| Jj(t)i) + vs + teg( M /a)) 



fvt + log (l jj(t)l) +vs + log( yi /a)) 

/»(™ + log(y,/a)) 1 jl Jl 



jt(, 



h (vs + log (w/a)) , , , 

^ e ^ f^ewy 

Therefore by dominated convergence 



k^l 



h (vs + log(| Jj(a)IAO) ^ (t» + log(| J}{s)\/a)) \j}(s)\ 

2 /hfn\2 



Moreover with Cj := &sup,,. e j + loga)| /h(0) , we get 



/ 



E 



,2ps 



fc(r» + bg(|jj( a )|/a 



\ 



-l4(*)l 2 



Mo) 5 



<C 7 E ^e^i4( S )|je^ 



which goes to when s — > oo, as a consequence 



h(« a + log(|jJ( a )|/a)) fc( W + log(|J?( S )|/o) 



s— >oo 



E (M s 2 ) . 



MO) 



Mo) 



5 The Hausdorff dimension. 

In this section we use the notation and definitions of the previous sections. We recall that 
P = Pk>g(6/a), where p, is define in (|9]). Let dim be the Hausdorff dimension. The aim of this 
section would be to proof the main theorem: 
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Theorem 3 ; Multifractal spectrum. Assume (M): 

• if p > v holds, then: 

G( v ,a,b) = a.s. 

• if p < v holds, then: 

dim(G( v>a ,b)) — 1 — p/v a - s - (19) 
Remark 5 1. Berestycki in |5]/ has computed the H aus dor jf dimension of the set 

G v = \x £ (0, 1) | lim \ log 

t^oo t 

He found that for v £ (v m i n ,v max ) , dim{G v ) = C(v)/v (with C{v) defined at the 
beginning of section^. In Remark^we have shown that for allv £ (max(% in , p),v max ) 
we have C(v) > v — p and we can notice that the inequality is strict for p > v m i n . As 
a consequence the set G^^^) has a Hausdorff dimension smaller than that of G v , and 
also smaller than that one could have infer from equality (14\ ). 

2. In the case v > v typ , we have Y t /t — > v — v typ > a.s. and 

t^oo 

Pio g( i/a)(inf{t : F t <0} = oo)>0. 

Thus W^~ q '(oo) = for all q > and then lim^oop^ = 0. Moreover using the fact 
that, lim^o pp = oo and p is decreasing, we get that for all v > v typ , there exist a and 
b such that p\ og {b/a) < v and thus the fact that the set of good intervals is not empty. 

The proof of this theorem use the non-asymptotic set A^m. In particular the key of 
the proof is the next proposition: 

Proposition 3 Assume |?p and < a < b < 1: 

• if p > v holds, then: 

A(„ )0 ,6) = a.s. 

• if p < v holds, then: F(A/ V>a; ty ^ 0) > ; and conditionally on A{ v ,a,b) 7^ 0; 

dim(A(„ j0j6) ) = 1 - p/v. (20) 

Proof 

1. Let v > and a and b such that v < p. We define 

N(t) := $G(t), 
with G(t) defined in (fTTI) . We remark that 

1 1 



N (t) = / Tjj^ 1 {i,mG(t)}(x)dx. 
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and in particular 



1 1 



E(N(t)) = E( / TT7 ^l {IxmGm (x)dx 



Additionally by (j4]), we get 



E(N(t)) = e vt E (e^ vt l{us-£(s)-iogae(o,iog(&/a)) v s<t}) • 

With the notation Y t = vt — £(t) and Pt defined in Theorem [1] we rewrite the previous 
equality as: 

E(N(t)) = e vt E log(1/a) [e- Y ^ a l {t<T} ) 



1 nog(0/a) 

-eW* / e-v+>*P t {log{l/a),dy). 
a Jo 



By Theorem [TJ2 we get 



1 /-iog(V a ) 
E(iV(t)) ~ - e (-»-p)t c h(0) / e- y U(dy), 

t^oo a J 

with II defined in Theorem [lj 

Finally as the function y i— > e -2 ^ /i(log(6) — y) is continuous, the integral above is a 
finite constant. Thus if p > v then limt_» 0C E(iV(i)) = 0, from which one concludes 
that lim^oo N(t) = , i.e. A( U)0) b) = a.s. 

2. Now we deal with the case where a and 6 are such that v > p. We work conditionally 
on A(„ a {,) 7^ (or, equivalently, on the event ( = oo, which has a positive probability 
by Theorem [2]). 

• Firstly, in order to prove the lower bound of the Hausdorff dimension of Ar v a y\, we 
will use the same method as Berestycki in [3] . We will divide this proof into three 
steps. Each step will begin with a star (*). In the first step we will construct a subset 

PI Gs(n) of A( va 6), which will be defined latter on (see (T2"2"j) ). In the second we shall 

obtain a lower bound of the Hausdorff dimension of this subset. In order to do that 
we will construct an increasing process indexed by t £ (0, 1), which only increases on 
n Gs(n), and which is Holder continuous. In the last step we will conclude. 

neN 

* As in [5] for 5 > we define for all n £ N, Hg(n) as a multi-type branching process 
with each particle corresponding to a segment of G(Sn) and 

G s {n) := U I, 

I&H s (n) 



20 



with G(t) defined in §TB) (i.e. G s (n) = G(Sn)). 

We notice that the family (Gs(n)) ne ^ is nested and that H Gg(n) = A( vab ). 

Let e > 0, and fix e > and 77 > such that 77 < min(e, v — p). By Proposition dj for 
this e > and 77 > 0, we may find t > max((l + | log(l — e )|)/(e— 77), log(2)/(u— p — 77)) 
such that for all t > t : 

P(|t- 1 log(ttG(t)) - (v - p)\ > V \C = 00) < 6. 

For each t > 0, we consider a variable x(t) whose law is given by 

P(x(t) = 0) = e", 

and 

F(x(t) = [_ e K«-p)-*?l*J ) = 1 - e", 

where [-J is the integer part and e" := P(|t _1 log((jG(t)) — (u — p)| > 77IC = 00) < e . 
Moreover by using that for all x > 2: log(a;) — 1 < log([xJ), we notice that 

I*" 1 log(E(x(f))) -(v-p)\<7i + r\\ log(l - e')| + 1). 

Plainly x(f) is stochastically dominated by §G(t). Exactly as in [3] we can construct a 
true Galton- Watson tree H by thinning H$ where 5 > t . More precisely the offspring 
distribution of H is given by the law of x($)- Let m := E(%(5)) be the expectation of 
the number of children of a particle. Therefore, we get 

(a) 

irMogm- (v-p)\ < e. (21) 

(b) The family 

(G(n) := U J) neN (22) 

IeM(n) 

is nested. The G(n) is the union of the interval of the n generation of H. 

(c) n G(n) C A (v ^ b) . 

nGN 

This last point makes sense because we work conditionally on ( = 00. 

* We fix e > 0. We choose 5 > t as shown above and consider the tree H. We 
define Z(n) as the number of nodes of EI at height n. By the theory of Galton- Watson 
processes, as we are working conditionally on the event A(„, a ,&) 7^ 0, we have that almost 
surely 

m- n Z(n) -> W > 0. 
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Let a be a node of our tree (thus it is also a subinterval of (0, 1)). Fix an interval 
I C (0, 1) and introduce 

H 2 (n) := {aeH(n),an/^0}, 
Zi{n) := BHj(n). 

Define 

x -> L x := limm" n Z (0ia; )(ra), a; G (0, 1). 

n 

We will now state a lemma that we will use to conclude: 
Lemma 3 For each e > 0, 

(a) There exists a version L of (La:)a;e[o,i] which is Holder continuous of order a for 
any a < 1 — p/v — e for every e > 0. 

(b) The process L only grows on the set D G(n). 

n<=N 

Proof [Proof of Lemma [3l] 

(a) Exactly as in [3] , we show the first point by verifying Kolmogorov's criterium 
(see [22J Theorem 2.1 p. 26). Let W(a) be the "renormalized weight" of the tree 
rooted at a, i.e., 

W(a) := lim m~ n %{a G W(\<t\ + n), a C a}, 

n-^oo 

where \a\ is the generation of a. 

By the definition of L we have for all x > y G (0, 1): 



\L X -L y \= lim m n Zi xy) {n), x G (0,1). 

For any J open subinterval of (0, 1), let 

r]{J) := sup{n G N : e~ v6n > \ J\} = [- log(| J\)/v5\ . 
For all x, y such that x < y by the definition of L , we get: 

= u mm -v«x,y)) m -n+v«x,y)) V" e H(|<r| + n - r/((x, y))), a' C a} 

"£H (l!!l) (ij((i,s))) 
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and by the definition of 

\L X -L y \ < e iogm(^io g ( 3 /- a: )+i) W(a) 

< m\x-y\ l - e ~ p/v W ( a )' 

by using fT2~ll) . Moreover by the definition of good intervals, we have that for each 
n the sizes of intervals in M(n) have a lower bound given by ae~ vSn , so a\J\e~ v6 is 
a lower bound for the sizes of the intervals of H(?7( J)), and thus Zj(rj(J)) < e vS /a. 
Therefore for all 7 > 1 and all J C (0, 1) we have: 

El( W ^)V\ ^ E((^ 1 + ... + WV VaJ+1 ) 7 ) 

< E((W 1 + ... + W 77(J)+2 ) 7 )<oo, 

where the Wi are i.i.d. with the same law as W . The finiteness comes from the 
existence of finite moments of all orders for W (see for example Theorem 3.4 p. 
479 of Harris [II]). 

(b) The second point is clear by the choice of L. 



•k To prove that dim D G(n) 1 > 1 — p/v — e, it is enough to show that 

diamiUi) 1 -^-' > (23) 

i 

for any cover {U{\ of D G(n), where diam(Ui) is the diameter of Clearly, it is 

neN 

enough to assume that the {U{\ are intervals, and by expanding them slightly and 
using the compactness of the closure of fl G(n), we only need to check (|2"3"I) if {UA is 

neN 

a finite collection of open subintervals of [0, 1]. 

Let U^ (/j,rj) be a cover of fl G(n) (where the (/j,rj) are disjoints open intervals). 



Therefore 

N 



i=l 



Thus for all such covers with maxj(rj — Zj) small enough 



N 



W < k^2(ri - l i ) 1 ~ p/v ~ 



i=0 
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and hence 



dim(A/ v a m) > dim( PI G(n)) > 1 — p/v — e. 

nGN 



To get the lower bound of the Hausdorff dimension of A^m, we let e tend to 0. 

• Secondly, the upper bound for (120]) is an easy corollary of the fact that the Hausdorff 
dimension is smaller than the box-counting dimension (see [16] p. 36-43), using the 
cover U U J; (n), with V a b (t) = {i G N I Ji(t) G G(t)} (with G(t) defined in 

n>N ie0 v ,a,b(n) 

Section [3]). 



Then we have the next corollary, which deals with the general case for a and b: 
Corollary 1 For t' > set 

A K a, 6) (*') := {x G (0, 1) : ae~ vt < \I x {t)\ < be~ vt Vt > t'j . 

Assume < a < b and p < v , then 

F(A M) (t) ^ 0) r 1, 



t — >oo 

and 



P (dim(A ( „ ja)6) (t')) = 1 - p/v | A (w>ai6) (t') ^ 0) 



1. 



Proof 



1. The first part of the proof is a consequence of the homogeneity of the fragmentation 
and of Proposition [31 

2. Fix p > p. As linig^o pp = 00, and, by Theorem [TJ5, the application /? — f is 
continuous and strictly decreasing, therefore there exists (3q G (1,6/a) such that p = 
Plog(/3 )- Let e := (/3 - 1)/(1 + /3 ), a' := 1 - e, 6' := 1 + e, x := (/3 + I) (a + 6/A))/4 
(notice that xo G (a, 6)) and 

p := P(dim(A (ei0 / j6 / ) ) > 1 - Pi og(6 ' /a ')/f). 

By Proposition [3], we get that p > 0. We notice that by the choice of a and of b , we 
have p log{6 ' /a ' ) = Pio g (A>) = p'- 

Let I be an interval of (0,1). The law of the homogeneous interval fragmentation 
started at I will be denoted by Pj. We remark that Pj(dim(A(„ ia ,&)) > 1 — p AO only 
depends on the length of /. Thus we define 

g a ,b{x) ■= Pj(dim(A( Wj0) b)) > 1 - p'A)> 
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where I is an interval such that |/| = x. 

Let x G (x a , x b'). We remark that by the choice of x and as 1 < (3$ < b/a we have 
that (xoa , xob ) C (a, b) and thus 

9a,b( X ) > 9xoa'0 O b'( x )- 

Moreover by the scaling property of the fragmentation we get that 

9 Xoa ',x b'( X ) = ¥ ( dim ( A (v,a' /x,b' /x)) ^ 1 ~ P)oe,{{b' /x)/{a' /x))l V ) = PO 

Therefore 

inf # a , 6 (x) > p . (24) 

x£(xoa ,xob ) 

Let 

B(t) = {i : x a < e vt \Ji{t)\ < x b'} , n t = $B{t), 
where ( Ji, J2, ...) is the interval decomposition of F(t). 
Fix t > 0. By applying the Markov property at time t we get that 

P(dim(A (l)ia>6) (t')) < l-p'/v)) 

^ e n p j,(o(^ m ( A (w,^'))<i-p'A 

<E((l-j9 )V), 

by using ( 1241) . Therefore as po > 0, n t ' — > 00 (see (111]) ) and with the first part of the 
proof we can conclude. 



Now we are able to proof our main result: 

Proof [Proof of Theorem [31] 
Observe that for all n e N, we have 

(«,o— e,6+e) ( ?7? ')- 

(25) 

We can notice that the second inclusion is actually an equality. 

• First we consider the case where p > v. As the application (3 — > p@ is continuous and 
strictly decreasing (see Theorem HJ5), there exists eo > such that v < Pi O g((6+e )/(a.— eo)) < P- 
Moreover by (|25|) 

G( v ,a,b) C U A(„ ia _ e0)b+(:o )(m), 

therefore thanks to Proposition [3] and the homogeneous property of the fragmentation, we 
get the first part of the proof. 
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• Second we consider the case where p < v. Thanks the second inclusion and the corollary 
[H we get that: for all e e (0, a), 

dim(G( Viaib )) < dim( U A( Bi0 _ ej6+e )(n)) = maxdim(A ( „ ia _ £i&+£ )(n)) < 1 - p loR( b+e)/v. 

Then by the continuity of p. (see Theorem [TJ 5), we get the uper bound of the Hausdorff 
dimension of Gr( V)0 ,6)- 

The lower bound of the Hausdorff dimension is a consequence of the first inclusion of 
(l2~5j) . as dim(A( Wj0) 6)(n)) = 1—p/v with a probability which goes to 1 when n goes to infinity. 



6 Appendix 

6.1 A partition fragmentation. 

In this appendix we give a proof of Theorem [2jl. (Section [3]). 

For this, we use the method of Bertoin and Rouault in [H] for fragmentation, which goes 
back to Lyons and al. [21] for Galton- Watson processes, and tools taken from the article of 
Englander, Harris and Kyprianou [14J. 

We first introduce the notations that we need and we define what a partition fragmenta- 
tion n is. Let V the space of partition of N, and for every integer k, the block {1, k) is 
denoted by [k]. As in [TT], we call discrete point measure on the space Q := R + xPxff, 
any measure : 

oo 

where T> is a subset of 1R + xPxN such that 

Mt > VneN tt e 13 I t < t\n\[n) + (H0,0, ...),Jfe < n} < oo 

and for all t e M 

w({t} x P x N) 6 {0,1}. 

Starting from an arbitrary discrete point measure uo on R + x V x N, we will construct a 
nested partition n = (U(t),t > 0) (which means that for alH > t II (t) is a finer partition of 
N than U(t )). We fixnGl, the assumption that the point measure u is discrete enables us 
to construct a step path (H(t, n),t > 0) with values in the space of partitions of [n], which 
only jumps at times t at which the fiber {t} x V x N carries an atom of u, say (t,ir,k), 
such that 7ri[ n ] 7^ ([n],0,0, ...) and k < n. In that case, n(i, n) is the partition obtained by 
replacing the k — th block of U(t— , n), denoted Hk(t— , n), by the restriction Tt\n k (t-,n) °f ^ to 
this block, and leaving the other blocks unchanged. Of course for all t > 0, (n(t, n), n > 0) is 
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compatible (i.e. for every n, IT(n, t) is a partition of [n] such that the restriction of H(n + 1, i) 
to [n] coincide with n(n, t)), as a consequence, there exists a unique partition II(i), such that 
for all n > we have II(t)|[ n ] = U(t,n). With the terminology of [7], it is shown in [Tl] that 
this process II is a (partition valued) homogeneous fragmentation. 

One says that a block BcN has an asymptotic frequency, if the limit 

\B\ := lim n~ 1 card(B D [n]) 

n— >oo 

exists. When every block of some partition tt G V has an asymptotic frequency, we write 
\tt\ = (|7Ti|,...) and then \tt\^ = (|7Ti|^, ...) G for the decreasing rearrangement of the 
sequence |7r|. In the case where some block of the partition tt does not have an asymptotic 
frequency, we decide that \tt\ = \tt\^ = d, where d stands for some extra point added to 
SK We stress that the process of ranked asymptotic frequencies |I1|^ is a ranked 
fragmentation. 

Moreover, let v be the dislocation measure associated to this ranked fragmentation (see 
Subsection 12. 2p . According to Theorem 2 in [7j, there exists a unique measure /i on V which 
is exchangeable (i.e. invariant by the action of finite permutations on V), and such that v is 
the image of fi by the map that associate the decreasing rearrangement \tt\^ of the sequence 
of the asymptotic frequencies of the blocks of tt, to tt. Thanks to exchangeability, we get 
that for all measurable function / : [0, 1] — > 1R + such that f(0) = 0. 

/ /(MMcfor) = / $>/(«,)!/(£**). 

We denote the sigma-field generated by the restriction to [0,t] x V x N by Go(t). So 
(Go(t))t>o is a filtration, and the nested partitions (H(t),t > 0) are (^ (^))t>o- a dapted. We 
define also the sigma-field (J r o(t))t>o generated by the decreasing rearrangement |n(r) | ^ of the 
sequence of the asymptotic frequencies of the blocks of Il(r) for r <t. Of course (J r o{t))t>o 
is a sub-filtration of ({?o(£))t>o- 

Let Q\ (t) the sigma-field generated by the restriction of the discrete point measure w to 
the fiber [0,t] x V x {1}. So (<3i(t),t > 0) is a sub-filtration of (G (t),t > 0), and the first 
block of II is (Qi(t),t > 0)-measurable. Let V>\ C R + be the random set of times r > for 
which the discrete point measure has an atom on the fiber {r} x V x {1}, and for every 
r G T>i, denote the second component of this atom by 7r(r). 

We define the probability measure Pi as the /i-transform of P based on the martingale 
D t (defined in Theorem [1] (3)): 

dPj| ft =D t dP x \ 8t . (26) 

To simplify the notation, as in the section [3] we define for all t G M h(t) = W^~^(t + 
log(l/a))l{ te (iog( a ),iog(6))}- This function is well defined thanks to Theorem [TJ 

Let Pi(t) the block of H(t) which contains % at time t. Similarly as in Section [31 for a 
homogeneous fragmentation, we define the killed partition 

IL-(i) = IIj(i)l{- 3 j gN .| nj(t)=Pi(t); Vs<t \Pi(s)\e(ae- vs ,be~ vs )}- 



27 



When we project the martingale D t of (TlOT) on the sub-filtration (Go(t))t>a, we obtain 
an additive martingale 

pt 00 

^^%t + iog(|ni(t)|)) |nft*)|. 

As |I1| is a ranked fragmentation with dislocation measure u, this martingale is the same as 
this of Section [31 From now on, we denote this martingale by M t too. 

Observe that the projection fl26|) on the sub-filtration Qo(t) gi ye the identity: 

dH\g (t) = M t d¥ x \ go{t) . 

Like in lemma 8 (ii) [TT], with the probability measure PJ we get: 

Lemma 4 Under ¥*, the restriction of w to M + xVx {2,3,...} has the same distribution 
as under P and is independent of the restriction to the fiber M + x V x {1}. 

It follows immediately from Theorem [1] that 

Remark 6 For x £ [0, log(6/a)], let F x {t) := E x ( e pt l {T>t}} ) for t E [0,oo), toen 
converges when t — > 00 to a finite limit, and F x (.) : [0, 00) — * [0, 00) is cddldg. In particular 
we have 

sup sup 1-^(^)1 < 00. 

xe[0,log(6/o)] *>o 

Remark 7 We have for all t > 0: 

|M t -M t _|<e^-^yT sup a.s. 

OA^U) a;e[loga,logfe] 

If v > p, there exists < C < 00 snc/i t/iat 

sup \M t - M t _| < C' a.s. 

Let 

3 pt 



Mo) 

and 

e 

Mo) 



Q:=^(^ + iog(|nt(t)|)) |r#)| 



</, : T77TT ^/ i (^ + io g (|nJ(t)|)) |r#)|. 



i=2 



Now we have the background that we need to study 

M t = c t + d u 

and we will show that M is bounded in L 2 (P). In order to do that, as E(M 4 2 ) = E^(M t ), it 
is enough to prove that 

lim E : (M t ) < 00 . 
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6.2 The proof of Theorem |2U. 

• First we show that lim^oo E^(ct) = 0. 

With the subordinate* £(£) := — log(|IIi(t)|), whose Laplace exponent is k (exactly the 
same as this defined in Subsection 12.31) . with the Levy Process Y t = vt — £(t) +log(l/a), and 
T := Ti og (6/ a ) defined in (JS} associated to this Levy Process, under Pf ^ we get: 



(p-v)t 



As a consequence, 



tj,,-, /_i rr—. e Lst^T\ — rjwn /„i rrrr^ e e 1 1j 



log(l/a) ^ ^(o) e Ht<T} J = ^log(l/a) ^ ^ « « ± {t<r} 
2 ^ 

< sup (h(x)) Fi os{1/a) (t) 

xG[loga,logb] ari{\J) 

which is bounded by a constant independent of t by Remark [6], and as p < v , we have 
lim^oo e^ p ~ vS)t = 0. Therefore: 

lim E : (ct) = . (27) 

t— >oo 

• Now we consider d t . As shown in [11] with B(r,j) = {i > 2 : Ilj(t) C 7Tj(r)nrii(r— )}, we 
get, for every r G [0,t] and j > 2, conditionally on r G Pi, Ili(r— ) and VTj(r), the partition 
(Ili(t) : i G B(r,j)) can be written in the form EP)(t — r)\ w j r 

)nrii (r— ) ■ 

Here (n (j) ) jeN is a 

family of i.i.d. homogeneous fragmentations distributed as II under P and independent of 
the sigma-field Q\{t). As a consequence: 

un»(i)=U U P(i-r) kj(r) nn l(r .). 
i>2 j>2 re[o,t]nv 1 v ; 

Moreover |7rj(r)||rii(r— )| is Q\{t) measurable, and we have that for all i G N 



|rii° (t-r) k . (r )n ni (r-)| = |n* (t-r)||7Tj(r)||ni(r- 



so that we get: 



pt 00 

|n{(r-)|e" r <fe} 

^ ' re[o,*]nx>i j=2 

oo _ 

5Z El (l 1 ^ ~ r ) ]1 {a<|n i ' ) (t'-^)|e 1 ' (t '- r) k J WI|nl(r-)|e'"-<6 Vt'e[r,t]} l^ 1 ^ 



i=l 



< 



oo 



)|e w <6} 



E El (lft W (* - r )\/b<\nV\t>-r)\e^-r)< b la W e[r,t]} ^ 



i=l 
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with Cg the maximum of h(t) on the compact [log(a), log(6)]. As II is independent of the 
sigma-field Gi{t), n has the same distribution under P as under pi. 11^') is also distributed 
as II under P. Thus, 

oo 

E El ( |l!l0)(t " r)]1 W^<|ri/ j) (t'-)l^'-)<VaVt' e M} 1 \ Gl[t) 
1=1 

oo 

= J^E 1 (t - r )l ]1 Wfe <| n - i O") (i '_ r . ) | e „ ( t'_ I .)< fe/a We[r,t]} ) • 

i=i 

Now we have by size-biased sampling: 

oo 

^E (e p{ - ^Iliit - O|l {a/6 <| n .(^_ r) | e *(/-r)< 6 / vt'eMI 



i=i 

l {t-r<inf{ S : |IIi(s)|£ (fe— ,|e— )}} 



E^ e p( *- r) l { 



= Eio g (i/ a) ( e p{ * r) l{T 2l0g(6/a) >t-r}} y , 
as p. is decreasing /?2iog0/a) < P, thus 

oo 

E eP(t ~ r)El (l^ ^* - '")l W6 < | n i (^,)|e^'^)<6/a * eM} l | ^ 
i=l 

— J - J log(l/a) I C - L {r 2 log(6/a)>t-^}} J ' 

Therefore with i^(t) := E x ( e p21 °^>*l {T21og{i)/a)>t}} ) and since |nj(r-)| = ae Yr — w ]l {r _ <T} 
under Pf og(1/a) , we get: 



re[o,t]nx»i j=2 



xe[0,log(6/a)] t>0 



Moreover we have by definition e yr ~ll{ r _<T} < &/ a - We let 

C 9 := sup sup\F' x (t)\bC 8 /h(0) 

S6[0,log(6/o)] i>0 

according to Remark [6] we have Cg < oo. Thus 

oo 

El(dt|0i(t)) < C 9 E E^'N 
re[o,t]nx>i j'=2 

Under P, the <?o(£ — ) predictable compensator of 



oo 



*== E E 

rG[0,i]nDi J=2 
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IS 



JV t : = dr fi(ds)e {p - v)r V 
Jo Jv j=2 



Additionally 



» 00 „ 00 

i=2 ^ i=l 



i=l L i=i 



Sj ) Si 



As Yl'jLi s j = 1 v ~ a - s -i we achieve: 



/ \i{ds) y^lTTjl < / i/(ds)2(l-si), 

j=2 is* 



which is finite by (J2J). Moreover as p < t>, the term e^ p ~ v ^ T is integrable on [0, 00), so that we 
have lim^oo N t < 00. 

As both A t := v4 t — iV t and M t are martingales, by Theorem 4.50 of [19J, we get that 

AM — [A, M) is a local martingale. 

A sequence (r„ = (T(m, ^)) m eN)rieN of adapted subdivisions is called a Riemann sequence 
if sup mgN [T(m + 1, n) A t — T(m, n) At] for all i G K + . By Theorem 4.47 of [19j, for any 
Riemann sequence {r n = (T(m, n)) me N}neN of adapted subdivisions, the processes S Tn (X, M) 
defined by 



^T„(X,M) t :— (A T ( m+1>n ) At — A T ( m)n ) At )(M r ( m+ljn ) At — Mr( 



m,n)At) 



converge to the process [A, M] , in measure, uniformly on every compact interval. 
We will now bound S Tn (X, M) t uniformly in t. As 



*SV n (A, M)t < SUp \M T (l+l, n )At — MT(l, n )At\ \^T(m+l,n)At ~ ^T(m,n 



len 



)At\ 



meN 
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we will first focus on J] meN |A T(m+1 - X T 



n (m,n)At\'- 



|A( m+1 )/ nAt — A-jT( m)n ) A4 | 

?TieN 

*e( E 

mGN yre[T(m,n)At,T(m+l,n)At]nDi i=2 



T(m+l,n)At 

X) e(p-1,)r ki( r )l+ / rfr / M( rfs ) e(p ~ u)r X^I 



< 



E E< 

T-G[0,i]nUi J=2 



T(m,n)At 
00 



i=2 



,(p-«)r 



+ / dr n{ds)e^ p - v > VItt. I. 
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Therefore by the previous study of A t and N t we get that there exist C\q < oo independent 
of t such that: 



lim E ( V \X_ 

\m£N 



Moreover 



T(m+l,n)At — ^T(m,n)At\ I < ClO for all t. 



lim sup \M T n +hn ) M - M T n n )At\ < sup |M r - M r 



is a.s. bounded by C (see remark [7j) independently of t. Consequently by (j2S 

lim E([X,M] t ) < oo. 



Thus as XM — [X, M] is a local martingale, we get that lim^oo W-(dt) < oo . 
Finally according to (p7|) . we get 

lim E : (M t ) = lim E$-(E l (d t + Ct\Gi(t))) < oo. 

t^oo t^oo 
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